Abstract. { Herein we i n troduce the palindromic index as a device for studying ambiguous cycles of reduced ideals with no ambiguous ideal in the cycle.
x1 Introduction
The theory of ambiguous classes of ideals in real quadratic elds goes back to Gauss' genus theory of binary quadratic forms. Recently, some nice papers on the topic have been written on the subject such as 4] -5], but also some published works such as 1] and 3] contain some incorrect information. In this paper, we g i v e a complete overview of the subject including a general criterion for an arbitrary real quadratic order (not necessarily maximal) to have a m biguous cycles of ideals (not necessarily invertible) without any a m biguous ideals in them. We do this via the introduction of what we call the palindromic index for an ideal in an ambiguous cycle over a real quadratic order. We also compare and contrast our results with those in the literature. We illustrate the results by s e v eral examples which w e h a ve placed in an Appendix at the end of the paper to improve the readability and ow of the paper, as well as to provide easily accessed illustrations of the theory. Remark 2.1. At this juncture it is worth cautioning the reader concerning some data in the literature. Our notion of \primitive" given above coincides with that of 10] wherein that de nition of primitive is needed to develop a full theory of continued fractions and reduced ideals i.e., to ensure that all cycles of reduced ideals are taken into account. However, although equivalence of ideals is de ned in 10] exactly as we h a ve done above, classes of ideals are not mentioned throughout their paper. The reason is that their (and our) de nition of primitive is insu cient to ensure invertibility of an ideal. To see this we recall that a fractional O -ideal of K is a non-zero, nitely generated O -submodule of Q( p O . Thus, the ideal I is indeed primitive but not invertible, since it contains the rational integer factor 3 dividing f.
The de nition of \primitive" given in 5] is su cient (and necessary) for invertibility of ideals. However, since their de nition and that of 10] con ict (in that they use the same term for di erent concepts) we i n troduce a new term here to emphasize the di erence since we n e e d b o t h v ersions herein. C of a given order O consists of classes of strictly primitive ideals, whereas if we do not consider C but merely wish to look at cycles of reduced ideals then the cycles may consist of reduced but not strictly reduced ideals. We will have need of this distinction later on.
Now w e cite a couple of useful technical results which w e will need throughout the paper. In what follows > 1 denotes the fundamental unit of O . 
x3 Ambiguous Classes and Cycles
The only proof given in this section is that of the last result, Theorem 3.5, which i s e s s e n tially the proof of a conjecture posed in 9, Remark 2.3, p. 114]. The remaining lemmata and theorems have v ery easy proofs which the reader can readily reproduce. Observe that if I is strictly primitive then we m a y speak of the class of I in C in which case I 0 = I j means that I I 0 or I 2 1, the usual notion of an ambiguous ideal class in C . H o wever, it is possible to have a n a m biguous cycle which contains no ambiguous ideal. We i n troduce the following concept which will help to clarify (and correct errors in the literature concerning) the notion in particular of ambiguous classes without ambiguous ideals. It will be, in fact, the device by which w e classify all real quadratic orders which h a ve class groups generated by s u c h c l a s s e s . W e maintain the more general setting however for reasons outlined in Section 2. We will suppress the I and just write p for p(I) a n d for`(I) whenever the context is clear. It follows from 7, Lemma 3.5, p.831] that an ambiguous ideal class (or more generally an ambiguous cycle of ideals) can have a t m o s t 2 reduced ambiguous ideals. In order to give our criterion we need a couple of useful technical lemmas. Now w e are in a position to give the aforementioned criterion, which follows easily from the above t wo lemmata. The following generalizes a well-known result which can be found in 1] for example. Remark 3.1 Now w e need a de nition which will lead us into a result which basically says that, if we h a ve o n e a m biguous cycle of reduced ideals without ambiguous ideals then we also have the maximum possible. For maximal orders this means that, if we h a ve one such class, then we m a y generate the class group entirely by such classes. See Example A2 in the Apppendix for an illustration pertaining to non-maximal orders, and Example A3 for maximal orders. i) p =`and i = 0 or`. ii) p is even and i = p=2. iii) p and`have the same parity and i = ( p +`)=2.
Remark 3.4. We note that the main result of 3, Theorem 3.1, p.75] was shown to be false in 8] where we considered class groups of quadratic orders (with positive or negative discriminants) generated by a m biguous ideals. Therein we g a ve a general criteria (which yielded as an immediate consequence a correct version of 3, op.cit.]) for the class group of a maximal quadratic order (in real or complex quadratic elds) to be generated by ambiguous ideals. This criterion was given in terms of canonical quadratic polynomials.
Remark 3.5. The reader should note that a correct and very appealing treatment of ideal classes in real quadratic elds is contained in 2]. We conclude with a proof of a conjecture made in 9] using the results of this section. In 9] we classi ed and enumerated all discriminants > 0 such that there is exactly one non-inert prime less than p =2 (with one possible exception whose existence would be a counterexample to the generalized Riemann hypothesis) using a well-known result of Tatuzawa. Additionally we used this result to show that certain forms for cannot exist with the aforementioned property (again with one possible exception remaining). We n o w g i v e an unconditional proof of this result as a nice application of the theory developed to this point. In either case I is in an ambiguous class. Since h is odd then I 1. However, in the continued fraction expansion of ! , the principal class, the period length`(1) = 2, and Q 1 = 2 q 6 = 2 r, a contradiction. Hence, there does not exist any i n teger i with 0 < i < (I) = such that Q i < p i n t h e continued fraction expansion of (b + ! )=r. Yet = P 2 i + Q i Q i;1 for 0 < i < , and we c a n n o t h a ve both Q i and Q i;1 bigger than p . Thus, = 2 with Q 1 = 2 s > p , s a prime. Also P 1 = P 2 = a 1 Q 1 ; P 1 whence P 1 = sa 1 which forces s to divide since = P 2 1 + 4 s. T h us s = q and so = q 2 (P 1 =q) 2 + 4 rq = q 2 + 4 q, a c o n tradiction.
It is hoped that the introduction of the palindromic index and the ramications of it elucidated herein have made this beautiful topic more understandable.
Moreover, by 1, op.cit.], h = 4 and since P 5 P 0 11 P 2 P 11 where P 11 lies over 11 then P 2 11 P 2 6 1 whence, P 5 has order 4. Hence, C =< P 5 >. Example A2. L e t = 2 3 We see that J also generates = 181 2 + 4 56 2 since P 10 = 1 8 1 a n d Q 10 = Q 9 = 112. Here p(J) = 19 =`(J) ; 1 so it's an ambiguous class without an ambiguous ideal. Note as above that although Q 6 = 2 8 t h i s does not represent the conjugate. 
